Abstract. We discuss valuations on convex sets of oriented hyperplanes in R d . For d = 2, we prove an analogue of Hadwiger's characterization theorem for continuous, rigid motion invariant valuations.
Introduction
According to Hadwiger's characterization theorem, the only real functions on the space of convex bodies in R d which are additive (valuations), continuous, and rigid motion invariant are the linear combinations of the intrinsic volumes. The surveys [25] and [24] show how this celebrated result is embedded in the theory of valuations on convex bodies. In recent years, this theory has been enriched by various classification and characterization results for valuations under different assumptions, which were all inspired by Hadwiger's theorem; see [1] , [2] , [3] , [4] , [5] , [6] , [7] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] , [22] , [23] , [26] .
The present paper aims at a 'dual' version of Hadwiger's theorem: instead of convex sets of points, we consider convex sets of oriented hyperplanes in R d . We formulate a conjectured analogue of Hadwiger's theorem, and we prove it for d = 2. In that case, the result says that a continuous, rigid motion invariant valuation on compact convex sets of oriented lines in the plane is a linear combination of three functions: the restriction of the Haar measure, the total angular measure of the directions, and the Euler characteristic.
Convex sets of oriented hyperplanes
By R d we denote d-dimensional real vector space (d ≥ 2) with scalar product ·, · . Its unit sphere is S d−1 := {u ∈ R d : u, u = 1}. An oriented hyperplane in R d consists of a (d − 1)-dimensional affine subspace together with a normal vector giving its orientation. Thus, the oriented hyperplanes are in one-to-one correspondence with the pairs (u, t) ∈ S d−1 × R, where {x ∈ R d : x, u = t} is the unoriented hyperplane and u gives the orientation. In this paper, we write H u,t for the oriented hyperplane determined by (u, t). We call u the normal vector of H u,t and set ν(H u,t ) := u, thus for a set M of oriented hyperplanes, ν(M ) is the set of all normal vectors of the elements of M . The set of oriented hyperplanes of R d is denoted by H d .
The following representation is convenient. We identify R d with the subspace of R d+1 spanned by the first d vectors of the standard orthonormal basis, and we denote the remaining basis vector by e. Then the map γ defined by γ(H u,t ) := u + te maps the set H d bijectively onto the cylinder Z := S d−1 + Re in R d+1 . The usual topology on H d is defined by requiring that γ be a homeomorphism, where Z has its standard topology. By µ we denote the Lebesgue measure on Z, that is, the image measure under the map (u, t) → u + te of the product measure of spherical Lebesgue measure on S d−1 and Lebesgue measure on R. It is well known that the image measure of µ under γ −1 is invariant under rigid motions and thus is the Haar measure of H d , with a special normalization.
By π : R d+1 → R d we denote the orthogonal projection.
A definition of convexity, for sets of directed lines in the plane, was put forward in Gates [9] , and convex hulls of sets of oriented planes in R 3 were considered in Gates [10] . We give here the general definition for R d and then restrict ourselves to a smaller class of convex sets. For an oriented hyperplane H, let H + , H − denote the positive and negative closed halfspace bounded by H (i.e., H + = {x ∈ R d : x, u ≥ t} and
We relate this to segments. Let H u,t and H v,s be oriented hyperplanes. The segment joining H u,t and H v,s is defined by
with the parameter value λ = 1/2 excluded if v = −u. In studying valuations, it is convenient (and sufficient) to consider a restricted class of convex sets. By a convex body in H d we understand a non-empty compact convex set in H d which does not contain a pair of antipodal hyperplanes and is segment-convex. Thus a convex body is convex, and it is easy to see that every compact convex set is a finite union of convex bodies. The set of all convex bodies in H d is denoted by K(H d ).
With every set M ⊂ H d we associate the cone in R d+1 defined by
is a convex cone in R d which is closed, as follows from the compactness of Γ(K) ∩ Z, and is pointed, i.e., does not contain a line (since K does not contain two antipodal hyperplanes). Hence, there exists a supporting hyperplane S of this cone in R d which meets the cone only at 0. It follows that the set ν(K) of normal vectors of the elements of K is contained in some open hemisphere of S d−1 . Moreover, the hyperplane S + Re in R d+1 supports the cone Γ(K) and meets it only at 0. We denote by K(Z) the family of all sets of the form C∩Z, where C = {0} is a closed convex cone in R d+1 which has a supporting hyperplane containing Re and meeting C only at 0. If We use the Hausdorff metric on compact subsets of R d+1 to topologize K(Z), and we use the map γ −1 to carry this topology over to K(H d ). Note that the resulting topology on K(H d ) is invariant under rigid motions, although the Hausdorff metric, transferred via γ −1 , would not have this property.
The polytopes in H d are dense in K(H d ). This can be deduced from the corresponding result in Euclidean convexity. If K ∈ K(H d ) is given, we can choose a hyperplane S in R d+1 , not through 0, that intersects the cone Γ(K) in a nonempty compact convex set. This set can be approximated by a sequence (P i ) i∈N of convex polytopes in S. Almost all of the sets γ −1 (Z ∩ pos P i ) are polytopes in H d , and they approximate K.
The set H x of all oriented hyperplanes in H d containing some fixed point x ∈ R d is called a bundle. Since H u,t ∈ H x is equivalent to u + te, x − e = 0, the cone Γ(H x ) is the hyperplane through 0 in R d+1 which is orthogonal to the vector x − e. The set H L of all oriented hyperplanes in H d whose normal vectors are contained in some
is contained in the hyperplane through 0 in R d+1 which is orthogonal to the vector x. A convex body in H d which is contained either in some bundle or in some pencil is called degenerate.
Valuations on
Let S be a set and S a class of subsets of S which is intersectional, that is, satisfies
We are interested in valuations on K(H d ), the set of convex bodies in the space H d of oriented hyperplanes in R d . First we remark that our restriction to convex bodies in H d is not an essential restriction in this context: every continuous valuation on K(H d ) has an additive extension to the set of finite unions of elements from K(H d ). This can be shown by adapting Groemer's [11] proof to the present situation, working with the convex cones Γ(K), K ∈ K(H d ), and with hyperplanes through 0 in R d+1 . 
If V denotes the volume in R d+1 , it is easy to see that
Since the map K →Γ(K) is continuous, the continuity of η now follows from the known continuity of the volume on the space of convex bodies in R d+1 . Let ψ be a valuation on K(S d−1 ). Then
defines a valuation ϕ on K(H d ) (observe that ν(K) is a convex body in S d−1 , by the consideration above). To prove the valuation property of ϕ, let 
. Now the additivity of ϕ follows from
. If ψ is continuous, then ϕ is continuous. If ψ is invariant under rotations, then ϕ is invariant under rigid motions.
Examples of rotation invariant, continuous valuations on K(S d−1 ) are given by the spherical intrinsic volumes v 0 , . . . , v d−1 . They can be defined as the coefficients in the spherical Steiner formula
Here, σ d−1 denotes spherical Lebesgue measure on S d−1 . For K ∈ K(S d−1 ) and 0 ≤ ≤ π/2, the set K is the set of all points of S d−1 with spherical distance from K at most . Finally, β j := σ j (S j ), and
For references to treatments of the properties of the spherical intrinsic volumes and to the role they play in spherical integral geometry, we refer to [8] .
The following theorem provides some information about the structure of rigid motion invariant, continuous valuations on K(H d ). Theorem 1. Every continuous, rigid motion invariant valuation ϕ on K(H d ) has a unique representation of the form
where ϕ is a simple, continuous, rigid motion invariant valuation on K(H d ) and ψ is a continuous, rotation invariant valuation on K(S d−1 ).
Clearly, ψ is a continuous, rotation invariant valuation on K(S d−1 ). Put
Then ϕ is a continuous, rigid motion invariant valuation on K(H d ).
Let K ∈ K(H d ) be degenerate. Suppose, first, that K is contained in some bundle H x . The translation by the vector −x carries K into ν(K) , hence ϕ(K) = ϕ( ν(K) ) = ψ(ν(K)), thus ϕ (K) = 0. Assume, next, that K is contained in some pencil. It is easy to see, by applying suitable rotations in R d+1 to the cone Γ(K), that K can be approximated by degenerate convex bodies contained in bundles. Continuity now implies that ϕ (K) = 0. This shows that ϕ is simple. The uniqueness of ψ and ϕ is clear. This completes the proof. Now it is time to formulate a conjecture.
Conjecture. Every continuous, rigid motion invariant valuation
with constants c 0 , . . . , c d . 
Proof of the conjecture for d = 2
We prove the conjecture for d = 2. Let ϕ be a continuous, rigid motion invariant valuation on K(H 2 ). Let ϕ and ψ be defined according to Theorem 1; in particular,
. On one-pointed sets in S 1 , the rotation invariant valuation ψ attains a constant value c 0 , and ψ − c 0 χ is a continuous, rotation invariant valuation on K(S 1 ) which is simple, that is, vanishes on one-pointed sets. Here, χ denotes the Euler characteristic, that is, the valuation on K(S 1 ) satisfying χ(M ) = 1 (= 2v 0 (M )) for M ∈ K(S 1 ). By [16, Proposition 11.2.2] , the simple valuation ψ − c 0 χ on K(S 1 ) is a constant multiple of the length σ 1 , which is equal to v 1 /2π. Since
, we call σ 1 (ν(K)) the angular range of K.
Our main task is to show that ϕ is a constant multiple of the Haar measure η. For this, we use vertical triangles. A vertical triangle T is defined as the convex hull of three oriented lines H u,t , H u,s and H v,r with v = ±u. On the cylinder Z, the points γ(H u,t ) and γ(H u,s ) are on the same generator, which is the reason for the term 'vertical'. We call h = |t − s| the height of T . The angle θ of T is defined by requiring that |θ| ∈ (0, π) is the angle between u and v and that θ > 0 if and only if the pair (u, v) is positively oriented (with respect to the standard orientation of R 2 ); in the latter case, we also say that θ is the angle from u to v. First we compute η(T ). We may assume that θ > 0. An oriented line H w,p belongs to the vertical triangle T if and only if w ∈ pos {u, v} and p is contained in a certain interval of length h[cos α − cot θ sin α], where α is the angle from u to w. Hence,
Let T (h, θ) be a vertical triangle with height h and angle θ. By the rigid motion invariance of ϕ , the value ϕ (T (h, θ)) depends only on h and θ, so that we can define ϕ (T (h, θ)) =: F (h, θ). A vertical triangle T (h + k, θ) can be decomposed into two vertical triangles with heights h and k, respectively, and angle θ. Here 'decomposition' is meant to imply that the intersection of the components is a degenerate convex body. Since ϕ is simple, we infer that
By continuity, this implies that
with some function f , which is continuous, too.
Let 0 < θ < π and 0 < ω < π with θ + ω < π be given. We choose oriented lines g 1 = H u,0 , g 2 = H u,1 , g 3 = H v,0 , and g 4 = H w,0 , such that the angle from u to v is equal to θ and the angle from v to w is equal to ω. Let g 5 = H v,r be the oriented line parallel to g 3 through the intersection point of g 2 and g 4 . It is easy to check (considering the images γ(g i ) on the cylinder Z) that the vertical triangle conv {g 1 , g 2 , g 4 } (of height 1 and angle θ + ω) can be decomposed into the vertical triangles conv {g 3 , g 4 , g 5 }, of height h = sin ω sin(θ + ω) and angle ω, conv {g 1 , g 2 , g 3 } (of height 1 and angle θ), and conv {g 2 , g 3 , g 5 } (of height h and angle −θ). Since ϕ is a simple valuation (and the union of the two latter vertical triangles is convex), it follows that
First, we let 0 < α < π and choose θ = ω = α/2, to obtain
A similar relation holds with α replaced by −α. By subtraction we get f (α) − f (−α) = f (α/2) − f (−α/2). Iterating this relation and observing that f is continuous and f (0) = 0, we conclude that f (α) = f (−α).
Hence, the equation (2) 
For θ ∈ (0, π), we obtain the right-hand derivative
Replacing θ by θ−ω in (4), we similarly get f l (θ) = f (θ)/ sin θ. Thus f (θ) = f (θ)/ sin θ, which implies f (θ) = c 2 tan(θ/2) for 0 ≤ θ < π, with a constant c 2 . In view of (1) and (3), this shows that ϕ (T ) = c 2 η(T )
for every vertical triangle T .
Let P be an arbitrary triangle in H 2 , that is, the convex hull of three oriented lines whose normal vectors lie in some semicircle. It is easy to see (e.g., using the representation on the cylinder Z) that P can be decomposed into two vertical triangles the intersection of which is a segment. It follows that ϕ (P ) = c 2 η(P ). Let P be a polygon in H 2 . It can be decomposed into two polygons whose intersection is a segment and each of which has fewer vertices than P (the vertices of P are defined in the obvious way; they are in one-to-one correspondence with the extreme rays of the convex cone Γ(P )). Hence, we can prove by induction with respect to the number of vertices that ϕ (P ) = c 2 η(P ) holds for every polygon P in H 2 . Since the polygons are dense in K(H 2 ) and ϕ is continuous, we conclude that ϕ = c 2 η on K(H 2 ). Thus, we have proved the following theorem. Theorem 2. Every continuous and rigid motion invariant valuation on the set K(H 2 ) of convex bodies in the space of oriented lines in R 2 is a linear combination, with constant coefficients, of the Haar measure, the angular range, and the Euler characteristic.
